Some things that we have, explained very
briefly, with slightly different notation

We announce the setting for our axiom system by declaring our pre-
liminary assumptions to be language, logic, set theory, and the real
numbers.

The theory begins:

Undefined terms: £,.%,d, m.

Axiom 1 Incidence Axiom

a &£ and .Z are sets; an element of .# is a subset of £.

b If P and Q are distinct elements of £, then there is a unique
element of .# that contains both P and Q.

¢ There exist three elements of 2 not all in any element of .#.

We are going to call the elements of & points and the elements
of .Z lines. By (a) of the Incidence Axiom, we are taking the point of
view that a line is a set of points. Thus, we automatically have an
incidence relation for points and lines given by set membership. Be-
cause of (b), the Incidence Axiom might be called the Straightedge
Axiom. We need (c) to get our plane off the ground, as without this
there might be no points or lines at all or there might be just exactly
one line.

Axiom 2 Ruler Postulate d:#PXP—R,d:(P, Q) — PQ is
a mapping such that for each line [ there exists a bijection
f:l—R, f:P +— f(P) where

PR=If(Q)—f(P)|

for all points P and @ on [.

DEFINITION 12.1 Pasch’s Postulate or PASCH: If a line inter-
sects a triangle not at a vertex, then the line intersects two sides of
the triangle. Plane-Separation Postulate or PSP: For every line [ there
exist convex sets H, and H, whose union is the set of all points off /
and such that if P and @ are two points with P in H, and @ in H, then

lw intersects /.

You should recognize that the following three statements are
equivalent to PASCH: (1) If a line intersects the interior of a side of a
triangle, then the line intersects another side of the triangle. (2) If a
line intersects a triangle, then the line intersects two sides of the
triangle. (3) If a line does not intersect either of two sides of a triangle,
then the line does not intersect the third side of the triangle. Of course,
a line may intersect all three sides of a triangle.



Axiom3 PSP vlie¥  3Jconvexsets H and H, 2

1 2\I=H, UH,,
2 PEH,QEH,P-Q=>PQNI#Q.

DEFINITION 12.3 The sets H, and H, in Axiom 3 are halfplanes
of line /, and l is an edge of each halfplane A halfplane of AB is a
halfplane of AB and a halfplane of AB.

We are ready for the statement of our next axiom, which determines
some properties of the undefined term m.

Axiom 4 Protractor Postulate m is a mapping from the set of
all angles into {x|x € R, 0 < x < 7} such that

a if VA is a ray on the edge of halfplane H, then for every r
—>

such that 0 <r < 7 there is exactly one ray VP with P in H such

that mZ AVP=r;

b if B is a point in the interior of ZAVC, then mZAVB +
msBVC=m/AVC.

You should stop and examine the Protractor Postulate in detail.
As well as deciding what the axiom says, you should think about what
it does not say. How close does Axiom 4 come to incorporating all that
you see when you look at a protractor?

DEFINITION 14.1 Mapping m is called the angle measure func-
tion. The measure of £ AVB is m£ AVB. If an angle has measure k7,
then the angle is said to be of 180k degrees. £ AVB = /CWD iff
mL AVB=m/CWD, in which case we say that ZAVB is congruent
to £CWD.

Axiom 5 SAS Given AABC and ADEF,
ifAB=DE, L A~ £ D, and AC = DF,
then ABAC ~ AEDF.

Let’s do it!

Axiom 6 HPP If point P is off line /, then there exist two lines
through P that are parallel to I

Our axiom system, now called the Bolyai—Lobacheusky plane,
is as consistent as the Euclidean plane or the real numbers (Section
23.2).

Axiom 6, the Hyperbolic Parallel Postulate, could be weakened
to require only the existence of nonincident point P, and line /, such
that there exist two lines through P, that are parallel to /,. This fol-
lows from Proposition Y of Theorem 23.7. On the other hand, Axiom 6
could be replaced by our next theorem.



13 The Measure of an Angle

As we have progressed through the first twelve
sections, we have built up an axiom system piece by
piece. Starting with the underlying set structure in
an abstract geometry, we added the incidence
axioms, the ruler postulate, and the plane
separation axiom. So we can say that we had

Axiom 1: The Incidence Axiom
Axiom 2: The Ruler Postulate
Axiom 3: PSP

Now we want to add another axiom (Axiom 4:
The Protractor Postulate) to make our geometry
look more like the geometry that is studied in high
school. In this section we shall define what is meant

by an angle measure and indicate how angle
measures are defined in our two basic models.

After we have an angle measure our geometry
will look very much like "high school geometry.”
However, we will still be missing one important
assumption. That assumption is the Side-Angle-Side
(SAS) congruence axiom (Axiom 5: SAS). Without
it, some results can occur which are very unusual for
someone accustomed only to Euclidean geometry. In
particular, we will see in examples that without SAS
it is possible for the sum of the measures of the
angles of a triangle to be greater than 180 degrees,
or for the length of one side of a triangle to be
longer than the sum of the other two.

Definition (angle measure or protractor) Let r
be a fixed positive real number. In a Pasch geom-
etry, an angle measure (or protractor) based on
1o is a function m from the set A of all angles to
the set of real numbers such that

(i) If LABC € A then 0 < m(£LABC) < ry;

(ii) If BC lies in the edge of the half plane
H; and if 6 is a real number with 0 < 0 < ry,

then there is a unique ray ﬂ) with A € H; and
m(£LABC) = 0,

(iii) If D € int(£ABC) then m(LABD) +
m(£LDBC) =m(£LABC).

We should note that the definition of an angle measure does not even make sense unless we have PSA

(or equivalently, Pasch) since we must use the idea of the interior of an angle. If ry = 180, m is called

degree measure. If ry = 7, then m is called radian measure. If ry = 200, then m is called grade measure.

Traditionally, degree measure is used in geometry. Radian measure is used in calculus because it makes the

differentiation formulas most natural.

Convention. FExcept in Section "Euclidean and
Poincaré Angle Measure”, we shall always use de-
gree measure (ry = 180) without further assump-
tion.

Definition (protractor geometry) A protractor
geometry {S, L,d, m} is a Pasch geometry {S, £, d}

together with an angle measure m.

Definition (Euclidean angle measure) In the Eu-

clidean Plane, the Euclidean angle measure of
£LABC is

mg(LABC) = cos_l(

(A-B,C-B) )
lA-Bll-[IC- Bl

1. In & what is mg(LABC) if A(0,3), B(0,1)
and C = (V3,2)?

Proposition m is an angle measure on
(R?, Lg, d).
Definition (Euclidean tangent, Euclidean

tangent ray) If ﬁ is a ray in the Poincaré
Plane where B(xp,yg) and A(x4,v4), then the

Euclidean tangent to ﬂ) at B is Typ =

(0,94 —vgp), if zﬁ is a type I line

(v c—xp), if AB is a type II line .L,, xg < x4
—(yg,c—xp), if AB is a type II line .L,, xg > x4.
The Euclidean tangent ray to ﬂ) is the
Euclidean ray ﬁ where A" = B+ Tgy.

Definition (Poincaré angle measure) The

measure of the Poincaré angle {ABC in H is

(Tga, Tpc) )
ITpall - I Tpcll

2. In the Poincaré Plane find the measure of
£ABC where A(0,1), B(0,5), and C(3,4).

mp(£LABC) = mp(£LA’BC’) = cos™! (

Proposition mp is an angle measure on

(H'[:H; dH)

3. Let A(0,1), B(0,5), and C(3,4) be points in
the Poincaré Plane H. Find the sum of the
measures of the angles of AABC.

Convention. From now on the terms Eu-
clidean Plane, Poincaré Plane, and Taxicab
Plane will refer to the protractor geometries
£ = {R* Lg,dg,mg), H = {H, Ly, dy, my),
T = {RZ,EE,CZT,TI’ZE}.
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